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Study,  of  a  Katheaati  o&l  Theory  for  the 
Coagulation  Elretias  of  Colloidal  Solutions 

BY  von  Smoluohowski 


Hlb  Mathematical  Theory  of  Rapid  Coagulation 


The  theory  of  coagulation*  briefly  tamed  "rapid” 

(1) 

which  results  to  the  ease  of  complete  die charge  of  th® 
double,  layer*,  should  become  more  precisely  developed  to  the 
following  pages  under  tha  assumption  that  we  are  dealing  with 
a  colloidal  solution  which  originally  consists  of  spherical 
parti  ole*,  which  are  truly  of  equal  else,  whose  number  par  unit  of 


volume  is  represented  by  v  »  Owing  to  th®  electrolytic  effect 
which  oan  take  place  la  the  entire  liquid  tostantaneouely  and 
equilate*  ally,  in  a  point  of  time  where  t  s  ©*  every  particle  ha« 


become  provided  with  a  sphere  of  attraction  of  radius  R®  From 
now  on  its  Brownian  Molecular  Movement  will  ,;e  on  undisturbed  in 
its  normal  way  until  ths  point  of  time  when  -  really  because  of 
■  that  very  movement  -  the  center  of  another  parti  ole  comes  into 

•e 

its  sphere  of  attraction.  From  this  moment  on  tha  pair  ia 


question  because  of  their  combining  should  constitu  to  an  indivisibl e 
unit  whidt  resumes  its  Brownian  movement  ©f  increas  ed  velocity 


corresponding  to  the  increase  in  volume.  Jy  the  combinin'  of 
further  primary  particles  to  the  double  parti  dies  t  and  by  union  o.C 
two  double  parti  else  or  ft  single  «®d  &  triple  particle,  triple  and 
quadruple  par- isles  can  arise,  and  in  this  manner  the  ooavulat ion 
presets  is  carried  out  until  the  entire  parti  cl -ate  substance  ha* 

— eh*B£e4  into  aa-agglowe.ta.tod  mags  "providing-  t®  t  ia'~sedimentation 
of  the  aggregate  had  not  already  occurred  due  to  the  ferca  of  gravity 
The  wtheeiatiaal  problem  to  be  solved  resides  in  the  calculation 
@£  the  numbers  fg,  vg.,»  of  the  simple,  dsublos  triple... 
jj&rtioUs  whieh  a^isst  at  time  %  an  the  basis  of  the  estimate 
ef  the  sizes  which  characterise  the  entire  system,  aastiely  the 
original  auafeer  ve,  the  value  of  the  effective  radius  R  and  the 
velocity  constant  B  of  the  Brownian  notion. 

Certain  oeaslusians  osn  be  tow  new  without  special 
esleulation,  generally  m  the  basis  of  the  f&ai>  that  progress 

Of  the  ooagul&tioti  should  ha  a 'function  of  itfi  three  values. _ _ 

JftttM  this  s ohs we  of  dixasnsicns* 

e4  *>*  &  ^  •  R  fsf  <IL  0  <"V  JC  4 

*  1  * 

one  sees  namely  that  the  value  B  is  the  only  ms  which  is  eooneoted 
with  the  time  soaia.  Sin«@  the  lauter  can  have  no  influence 
■  m  the  absolute  progress  of  coagulation,  than  this  must  necessarily 
be  a  simple  function  of  the  product  (%0.  Owing  to  this  — 
in  the  east  of  given  V  and  8  —  the  duration  of  tiiw  necessary 
for  attaining  a  oertain  stage  of  lbs  coagulation  must  be 
inversely  proportional  to  the  diffusion  constant  D» 


0 no  can  also  estimate  by  this  naans  the  influence  of 
temperature  if  one  assumed,  which  the  experimental  results  ag 
regards  the  Quantity  R  (see  the  next  section)  suggests,  that 
the  affective  radius  R  is  not  dependent  on  the  tempera turn* 

Thai  the  coagulation  time  should  vary  pr eportiana lly  to  the  ntts 
/»  with  regard  to  the  formula,  _  ....  _ . . .  .  — 

CD  D**  iLl_L,  ■  '  CD 

Thus  they  were  In  the  case  of  varying  temperature  indirectly 
proportional  to  the  viscosity  of  the  medium  which  agrees  with  some 
studies  air  ady  carried  out  by  Zsigmondy  concerning  this  matter* 
Since  we  now  turn  to  the  actual  calculation,,  we  should  first 
oonsider  a  simplified  problem  in  which  we  imagine  that  an®  of  the 
particles  is  fixed  and  that  only  this  or,®  possesses  a  sphere  of 
attraction,  while  the  rest  of  the  particles  do  not  coagulate 
with  each  other,  ’ 

How  lar?-;f  the-  probability,  under  these  conditions  feat, 

~5a~a~fiis»  XTpiirfei Ole.  has  beeoae  attached  to  the  particle 

mentioned  '  above  T  ;  1 

This  question  can- .-.be  answered  most  simply  on  the'  basis  of  the 

equivalence  of  the  Brownian  .molecular  motion  and  the  diffusion 
{  3  j 

mechanism  ,  •  'The  process  which  we  call  diffusion  is  basically 


simply  fee  resulting  total  effect  of  fee  Bromi&n  mot  ion  of  the 
individual  particles  •  Every  one  mores  independent  from  the  others , 
according  to  the  diffusion  formula# 


fal  w  fit]  (Mt  *»  4,  ^Jug  t9\ 

w  1  ■ *  z^iwr  f  ki) 

This  states  with  what  probability  a  particle  leaving  from 


the  sere  point  would  reach  in  the  time  t  en  abscissa  acB<8  x  ^  dx 
sjid  it  can  be  easily  demonstrated  mathemx tical ly  that  these 
lead  on  the  average  to  an  equalisation  of  the  os.n~ 
sant ra tier,  diff sren  aee ,  which  is  in  aosmlst®  agreement  with  the 
abor* -motioned  diffusion  theory , 

— - ^hus-^fcha-  cioefyicient  D-is-  found  which  Alsa_o«!UJ56  in.  _tha _ 


known  equation  far-  the  average  displacement  square  as  identical 
with  the  coefficient  of  diffusion  of  the  particle  sv.-a.nas 


Its  value  is,  in  the  ease  of  sphere  shaped  parti  dee,  determined 
fey  the  Einstein  formula  (I)  if  which,  we  will  stake  use  later* 

The  provision  that  the  surface  of  the  sphere  of  radius  1 
retains  every  particle  which  joins  it,  we  oould  obviously 
compensate  by  the  assumption  that  they  are  completely  abacs: bed, 
that  i®  to  say  that  the  oonoealaatiea  ser©  is  continually  obtains 
at  the  sphere  aurfaee  R*  There  arises  bes&ose  of  this  a 
emoentration  gradient  in  the  environs  of  the  sphere,  and  the 
substance  mhish  diffuses  through  ths  surface  of  the  latter  in 
the  epaoe  ef  time  t».*  t  fit  corresponds  exactly  to  the 
average  amber  ef  p&rtiolea  which  hit  the  sphere  because  of  thei 
Brownian  aoveaaat  in  a  given  time  lapse  and  are  adsorbed. 

To  be  sure  the  equlvalenoe  ef  thsso  two  values  holds  bras 
only  as  Iobj  as  this  ^average  ssaaher*  is  vary  small  in  relation 
to  tin  unit,  since  otSarwise  the  possibility  of  a  simultaneous 
adsorption  of  more  partdc3.es,  ©ossa  into  oonsider&tion  whieh 


-fi¬ 


ll 


fe  i 


must  occur  otherwise  bo  cause  of  the  nutuol  hind@mr.ee  of  tho  latte  r« 
If  it  is  certain  that  the  oquivulgnca  is  valid,  tl-.cr.  the  number  & 
is  juffl ciantly  sffle.ll;  thus  we  can  accept  for  the  present  that 
«ve  are  dealing  with  the  probability  of  the  Adsorption  of  individual 
partition  v.'hich  exist  sorn^here  inside  of  the  «*r"v,e:i® ly  lar^o  V. 

Now  the  proalsjs  to  fiolvs  is  principally  to  determine  the 
portion  of  a  substance  which  generally  filled  the  endless  space 
hctat^eneously  (Startin'  concentration  e}3  starting  fron  the  moment 
t  «  o  but  diffusin'  against  the  surface  of  the  sphsre  r  ^Ru  in 
tsfeieh  from  each  point  of  tires  it  is  supported  at  the  conoentrati  on 

She  diffusion  equation  hsewe  of  the  spherical  syasaatry  assumes 
tins  forms 

(O  ik&L  «  Dilfea)  M 


1 * 


»ad  this  aquation  is  fulfilled  by  th&  fu  rations 

(S) 


(5) 


-  £ 


& 


r\ 


/ 


which  at  the  same  tine  also  fulfills  our  initial  and  li-’.itln;  oenditions 
is 


Therefore  It  happens  that  in  the  spaoe  of  time  t.e. 


t  $  dt 


the  mass  diffusing  to  the  sphere  S 


■e»4. 


f  ■&'% 


I  S  H  If  DR*<f»  jL^_ W 


the  total  mass  flawing  In  until  the  time  its 


'  ?\ 


Ik  tJ®  sense  of  what  Jm@  previously  said, 
pspohahility  that  &  certain  parti  ale  whieh  exists  somewhere  in 

*5 

Bgaoe-V  has  -Aaeo4-ta  the  ephem;(~for  o~a~y~B'p~mt£l~~a,~' " 
point  of  fciias  t  mounts  to; 


•4 

* 


r 


A  +  . 


*1 


(8) 


4  *<* 


The  probability  that  it  should  not  on  ter  in  the  region  R  is 
•ally;  Us  1  ™  W  mxd  when  all  the  n»particles  were  present 
in  the  space  Y0  and  moved  independent  of  each  other,  then  the 
probability  that  as  individual  of  them  shall  d  be  in  the  region  3 
up  t@  &  point  of  time  t  is  obviously  equal  tog  (l»Vi)a,  which 
b®  r@pl&©«d  for  small  w  and  lar.ce  n  bys  s“aw3 


Since  now  V  equals  the  number  of'  particles  .--or  unit  volume  t, 
wo  obtain  for  tho  probability  that  in.  e-eh  time  no  a.  * lomariti at 


(3) 


b  R  €C 


(&) 


*r 


For  the  purpose  of  simplifying  the  a aloulat ions s  vjo  oad%  fwsa 

nm  on  tho  second  tom  in  the  brackets,  so  that  v.o  assume  that 

wa  are  studying  the  eourse  of  coagulation  at  such  points  of 

where  the  restriction  t^j|2  ie  fa  1  filled®  In  the  studies  of 

9 

2*ignoady#  which  will  be  discussed  later,  the  length  of  the  initial 

stages  thus  axalutted  waouats  to  appro*!' ately  1  to  1$*  see  ends, 

which  shews  that  ths  supplementary  terns  are  practically  ff«aniagl«esiS- 

-^y-do$af-^faie-al-3^dBMhegarMens  are  hi^ly-siti^lifiwdy---frteoe-— 

•  ( 8) 

according  to  it  o&n  ba  cone lvded  that  probability  w  of  an 
agglomeration  (par  unit  of  time)  to  the  sphere  R  is  constant 
end  is  give a  by  the  produce  of  CffDB  and  the  prevailing  number  of 
particles  Wg  per  unit  volume  in  ths  spheres  surrounding 
savirtaaamt  (true  for  r  ~  ®®)s 
Cio) 


(10) 


«SJ 


If  instead  of  some  emphasised  particles  a  number  of  the 


latter  sow  be  kept  in  raitid  aa  ft  ctsridensation  nucleus  c?  active 
gsrtidss  (wlsi-ah  fewwr  could  not.  bo  mutually  influenced, thus 
they  s&ast  we  at  relatively  large  d  ietanoes  frea  each  ©shar), 
then  it  weld  be  oar*  eluded  that  for  time  t  the  number  of  sisple 
primary  still  remained  free  among  theta  would  amount  to 

(11)  *&.■**£*.  (ll) 


and  the  nisabar  of  the  a^;  gloss  .ratlms  which  oeeurre  d  in  the 
gp&@@  of  tins  dt  vrouid  has 


agftlnst  the  primary  particles  as  the  average  in  the  space  of 
’  t&ias  31^  %£  ea*  fc  as  smses  that  eaoh  primary  particle  is  fixed  sad 
that  in  it®  additional  eseviremasat  the  initially  given  parties,® 
awter  is  asaiatainedc 

0o»  could  now  etudy  tiler®  fore  in  a  simple  way  the 


determination  of  the  effective  velocity  variation  of  the  number 


of  primary  partial®®  in  fstoeh.  mo  considers  the  gradual  decrease 
of  the  latter  in  the  expression  on  the  right  side  of  equation  (12) 
that  is  in  which  me  replaces  ff  by  3»  ’this  manner  we  obtain 

the  oharftoteris tl o  reaction  equation  of  the  second  orders 


-  i* 


which  yields  tha  integrals 


( 14}  tf . 


14-h 


au§  ouurcc  Iaa  v liTi©  is  ^rius  uopen^ai w  j.**  **  S3.mp.aC  v.v<y  c** 

ind  ividua  1  eoe  f  f  i  d  o  n  t : 

(15)  T  a  — 1- 

<t  tr  »  R  ^ 

v/hi  oh  wo  hmoe  forth  will  show  shortly  as  "coagulation  ■ciise" 

For  this  calculation  however,  two  essential  corrections 
ara  to  be  entered  and  especially  with  regard  toj 

ls  the  individual  movement  which  the  particles  displays 

d„  the  coagulating  in.flusn.oo  of  multiple  particles. 

Since  the  extracted  particle  in  immediate  consideration  5s  not 
immovable  but  Its  Brownian  movements  go  on  In  a  manner  completely 
analogous  to  the  rest  of  the  particles,  on®  must  in  transferring 
the  ori  ,iaal  coordinate  points  to  its  mid -point  allow  the  other 
particles  t©  carry  out  their  effective  relative  movements. 

Trow  one  readily  remembers  that  the  relative  motion  of  two 
parti cles ,  whose  Brownian  movement  is  independent  from  each  other, 
act  according  to  the  diffusion  constants  and  Ogs  is  again 
a  Brownian  molecular  movement  and  indicati on  of  such  a  movement 


is  characterized  by  a  diffusion  constant  D, 


Then,  tha 


probability  that  the  fluctuation  from  tha  position  of  rest 


attained  with  the  passage  of  time  t  amounts  to 


resulting  as  a  product  of  the  probabilities  which  are  independent 

>■  * 

from  each  other,  that  one  particle  has  moved  to  x,  the  other  *f- 
which  is  shown  to  equation  (2)  asj 


».  10  «* 


Tm  earn  formula  (2)  thus  holds  traa  for  the  relative 

M  for  the  *b*8i,?W  «s«»saeat'  hufc  wife  &  coefficient 
■  sad  deraties;  of  the  ssatual  section*  mist  thus 

be  higher  the®  the  coefficient  D  doubled.  Therefore  the  decrease 
of  the  number  of  simple  primary  particles  will  be  given 
%  the  formulas' 

U«)  a  ’4  __  -  jvp  ■  (is) 

l*  t'ft&ftsgfc  Hr**. 

T 

iff  waft logy  with  the  equations  of  the  chemioal  kinetics 
on*  ««a  probably  expect  at  the  outset  *»  equation  of  this  font, 

if  ea,  as  wh»te  done  it  up-  to  now,  only  the  uniting  of 

\ . 

the  p*4awyy  particles  with  -Sack  other  has  been,  tafcsn  ''lists 

\ 

oon  si  deration  since  such  a  process  corresponds  completely  to  a  ., 
Mssoleoular  reaction.  How,  however,  we  have  yet  to  consider 
■Siat  &  reduction  of  the  prinasy  particles  also  glees  rise  to"  two-, 
■fchr**“»  Ml  multiple  particles  by  hitting  each  other,  and  indeed 


-U 

U.4&5M 


ITjrr- ir?-,' 


|fe' 


the  equation  (10)  which  is  analogous  to  the  tom  in  quest  lea , 


•will  to  ••Iren  by  &  term  of  tho  form  &.  Vr,  in  v:hieh  D- 

aW  ’*•5’  <S>?S 

is  aa  abbreviation  for  D.  ”  0,  D  sad  R,  signifies  the 

J,  Tl  Is  iP 

radius  of  tho  sphere  of  astlsc  ,  which  corresponds  to  the  field 
of  attraction  hate  sen  a  simple  and  sa  a-oaltipXs  particle* 

_ Oa-tha-jghala  therefore  the  decrease  of  the  number  of  simple  particles 

results  in  the  equation s 

'X7^  8r^  j*  h*%vi  **♦%  %4  *  ii  tvu  * 


Os  the  other  hand  the  analogous  relationship  holds  true  also  • 
fear  .the  gradual  disappearance  ©f  ■&»  double  particles  j  hewanrer, 
in  this  e&s«  the  positive  building  velocity  is  also  to  be  oorrectedg 
-in  which  a  double  partiele  arises  for  each  two  a  ingle  particle* 
which  disappear: 


Triple  particles  are  formed  by  the  joining  of  a  single 
particle  with  a  double  one  % 


(if) 

3 


Quadruple  particles  sorrespond  to  the  unier-  of  2 
double  ones,  or  a  single  and  triple  ©articles 


An  exaet  fou’thers&es  of  the  aaleulatioa  is  sot  passible 


new  tins®  tw  a  at  cxaetly  ealsulable  for  multiple 

JsSF$S3ft#*i"'sriiH»*  the  latter-  eaHaialy  do  net  possess 
spfeerioa.1  shape*  Harts®  me  must  toe  content  with  a  e-art&in 
‘ipf^esamtiss,  in  tshiah  &n$  i&tre due«§  for  the  expression  in  quest!  c»  » 
with  the  esnapti os.  of  Bi.  md  B  ~ ‘plausible  — 

*>;4  ^tte 

If  me  limits  Massif  to  the  initial  stags  of  coagulation  as 
w  the  e&s@  in  the  sasasuramanto  of  2sigmendyas  than  a  limited 
unoert&irtty  Whioh  results  has  little  importance,  sines  at  tins 
bssissi&g  th®  inflvamo®  of  sullApl©  particles  is  negligible. 

‘Brass  m  want  to  consider  'also  multiple  article#  as 
apprexiraaiing  spheres  and  ws&t  to  assume  that  their  ef  festive 
.  'radius  is  proportional  is  the  radius  at  the  sphere  *  the  latter 
-,  aeeutig&ion  %lll  mss  he  made  obvioua  by  experimental  results  whieh  ■ 


•  mill. he. g fees  later,  &a  a  eoreiequease  of  which  Bp  ms  given 

_ _ of  the  arder  of  sls<g  of  the  sphere  diameter.  How  if  two  spheres 

of  different  radius  collide,  the  natural  assumption  is  «  is.  an 
analogous  manner  be  the  aaleeular  eolllsioa  la  the  gas  theory  -i 

sik£i(’%^V 

2f  B.  equals  the  sphere ''diameter  than  it  happens  that  the 
parti  ala  a  are  dr&-«n  into  sontaot® 

Sat?  since  in  aooordenee  to  (l)  the  diffusion  constants  of 
the  partial©  radius  are  inversely  proportional,  it  holds  trues 


(»)  ti  C&*  **>  u.  §JL  ft 

“8  3K  v.  5  *“  5  %* 


tw  V 


P-ssfcnoias 


Exparlmantally  this  extreme  ease  is  characterised  by 
the  parti  fed  ar  features  tvfti  eh  are  explained  is  section  4» 

As  an  exception  the  absolute  terapor-ufctire  oould  be  denoted 
vdth  ©is  this  stud;/  in  order  to  avoid  ambiguity  "filth 
the  coa  juiation  ti',10* 

Canoeraing  these  particular  items  see  the  address  in 
Gottingen  monticaea  at  the  beginning* 

2‘his  formulae  stakes  possible  a  treatment  of  many  other 
analogous  eases  %  it  holds  true  for  essuspl®  for  the  mss  of 
eater  vapor,  «ts r  drops  are  oooled  to  a  point  under  the 
saturation  point® 

fhi  neglecting  of  the  supplementary  term  is  obviously 

stated  also  .for  oases  ushers  the  number  V  is  variable  par 

unit  time,  provided  only  that  the  variation  of  V  occurs 

o 

sufficiently  slowly®  that  Is  provided  it  is  slight  inside 

TiS 

the  lapse  of  tiiae-jp  ,  In  the  following  the  tacit  custom 
Is  thus  mdej  it  is  required,  that  the  reciprocal  tires  of 

i  £  ^§*  Ft  A 

ejaculation *^T  *  *  ** v "%  should  bo  vary  small  la  relation 
s  and  ^accordingly  that  'll  ('C  1 
a  ccndit ion  which  should  be  at  best  invalid  for  concentrated 
solutions » 


Here  the  previously  referred  to  difficulty  is  done  avay  vith, 
t^iioh  s  accrued  ths  multiple  association*  It  bus  actually  - 
la  agreement  vdth  v*mt  -sms  earlier  expressed  -  net  esaetiy 


